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TOROID POLARIZABILITY OF HYDROGEN-LIKE ATOMS

A.Costescu*, E.E.Radescu

A closed formula is obtained for the frequency-
dependent toroid dipole polarizability y(w) of a’
(nonrelativistic, spinless, ground-state) hydrogen-
like atom. The static result reads y(w =0)=(23/60)x
x a2Z-4a3 (a - fine structure constant, Z - nucleus
charge number, 2, - Bohr radius). This is the toro-
id analog of the well-known static electric dipole
polarizability alw =0)=(9/2)27%a},

The investigation has been performed at the La-
boratory of Theoretical Physics, JINR.

TopouaHaR NONApPU3yeMOCTb BOAOPOAONOAOCOHHIX aTOMOB
A.Koctecky, E.E.Papecky

MonyuyeHa 3amkHyTas dopMmyna Ons OHHaAMHYeCKOH ToO—
POHIIHOH OHUNONBLHOI TNMOJAPH3YEMOCTH y(m) /HepenaTHBH—
cTckoro, GeccnuHosoro/ Bogopomonofno6HOTo aToma B
OCHOBHOM COCTOSHHH. CTaTHueCcKHi pe3ylIbTaT HMeeT
BU], ym)=0)=(2&%0ﬁ12Z‘4ag /a - KOHCTaHTa TOH-
KO# CTPYKTYDHI, Z - 3apAgoBoe uyMcjO Anpa, a, — 6o-
poBckuit paguyc/ M ABASAETCS aHANOTOM H3BECTHOH CTa~
THYECKOH S3MeKTpPHYECKOH OHUIONBbHON TMONAPH3YEMOCTH
alw =0)=(9/2)Z %2,

PaBora BbhmonHena B JlaBopaTOpHH TeOopeTH4ECKOH
duauku OUAH.

5
As is shown in refs.l, an external magnetic field H®*

(time-dependent, in general) of nonvanishinngﬁext i.e.,
an external conduction (J ®*') or displacement ((4r)!dD °*t/
/dt) current) induces in a system a toroid dipole moment
of Fourier components T{"(w)=3;y;; (@)-[VxHeX ()]
(i,j = 1,2,3), where, in the quantum case, the dynamic
(i.e., frequency (w) dependent) toroid (dipole) polariza-
bility y;; (w) is given by the following formula:

Vi (@) =E.[

<0|T;in><n|T;[0> <0|Tj|n><n|[T; | 0>
+
En—Eo—tw—ie En—E°+tw+ic

(D)
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Ey E, denote the energies of the ground and excited sta-
tes of the unperturbed Hamiltonian, the sum extends over
all excited states (in the discrete and continuous spect-—
rum), while T; (i = 1,2,3) stands for the operator of the
toroid dipole moment. The toroid dipole moment of a cur-
rent distribution j(X,t) is defined ad?

Ty (0) = o= 1, (275, 00 - 2325, (3, t)1a® x, 2)

yij(w) characterizes the response of the system to the
perturbation/#% H, ,(t) =~ T(t).IvxH X 3=0,t == T()[(4n/
/e)Text 4 (1/¢)dD Xt /dt] .o, ¢, which appears in the
multipole decomposition of the Hamiltonian.

In coanection with the current interest in toroid mo-
ments 7 1=5/ ye present here the main technical points of
a method which enabled us to calculate analytically VU(m)
for a (nonrelativistic, spinless) hydrogen-like atom in
its ground state.

Denoting Q, = E0—+tw<+ic,02512)~ﬁw, one may write

where

di’ d.’ . - - > > I
Fiy@ =5y En‘_’gug(xlﬂ‘i(xl)u,,(x1)u;:(x2)'rj<x2)uo(x2). (4)
un(;) are the wave functions of the H-like atom,

s 3/2 A/t - e® 1
u,(x) = =2-(£) e » F=|X|, A=aZme, i
0 \/"'7 % | ‘ a @ C 137,.--

s

and the one particle toroid dipole operator, by Eq.(2),ig2/

> e Y . a
T, (x) = 2,.(-2x%5, P, +x.x,P,), P, =—ik 5
i Tome = k¢ ik Tkt X XPp), By xy (5)
(e and m are the charge and mass of the electron, Z|e| is
the nucleus charge). The sum in Eq.(4) extends over the
whole spectrum (the ground-state does not contribute).
Using relations like

3/2 2
o 429 o e*""‘“)/tl (6)
VT I Ik p g

- X; - e
P u,(X) = i)\(—r-l-)uo(x), X, ru (%) =

one may bring J;; (Q) to the form

2
Ty @) = - L (8,2 Asﬁ[ J a d ] x (7
100 ‘mc ™A gk Ry,
xifd;(ld;ze—()\ l‘l—ile 1)/1; e—(/\”rz—ixgxg)/};x
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»” s . 7
> 5 o A= A% (7)

The curl bracket in Eq.(7), by Fourier transforming, may
be written as

ool = [AB, 4D, 0@, 155, ) O(By AWK p) GBg.B1:D) ' (8)
with
. ) LA 1
‘b(ﬁ»)\' K) == > 5.2 2 ! (9)
\/27"i dr (P-k) +2A
and > > -» t
“n(; 1)11:(_;{2) 1 - - > > i(p2"2“p1x1)/
= fdp.dp, G(p,,p,:)e .{10)
n En — Q (211%‘)3 1 2 2 1

Using now the integral representation of the nonrelativi-
sti$69oulomb Creen's function in the form found by Schwin-
ger

> s mX3 ieinr (oh
6. %0) =5 ——— [ dpp7
‘27 2sinwr 1 an)
2 1 :
x 3 1=p }

d > » -» - 2 2
PP X% —p')2+(p2+X2)(p’+X2)—(-3—47£)—- 1

(where X2=-2m£),ReX >0,r=NX and the integration con-
tour starts at 1, encircles the origin in the counterclock-
wise sense and returns to 1), Eq.(7) becomes

228 osingr AN E AN P 9R | IRy

(o+) d . 1-5° (12)
X ¥f dPP-r _‘"{“:LJ()\‘fA"r;l)zz ;Xz)]n A"—_-A':A
1 dp ¢ > 3
Kg =K, =0
c =03t 4/50r2)(e/me)®  and J(AL AT, K, Kp0 XP) de-

notes the "basic integral”

dp ;dpy

f .
(G -2 2o X AKX 5B, -8 "+ @ f+ X G X UZE N@ R ) P rr” 8
(13)

introduced and calculated in refs.7. There it has been
found that
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-p? -
_d_.[L—E__J(A',A”,KI’Kz; X2)] =

dp »p
(14)
16n* (1-sp + pp?)~1
X2 [XeAEPeRENK AR 22]
where
Lo WE-XBOEXB xR, X - - )P (159
(X+A")2(X+2") 2 N I Y

Taking then the derivatives with respect to ;li, zm s A
and using formulas for the Gauss hypergeometric functions
of the type

—imra (o+) . b
F(a,b,a+1;2) = ~ ia( ) =l - 2)" P gy, 16
) 2sinra { p ( 2 P (16)
one arrives at
2 , Py &}
Ty @ =8, 00— Q) 5, p_ 1280mr®X3
INB (V' X)E A= (A +X)8

Q) = F(2~r7,6,8-r;¢(07) _ 2{A)FB~1,6,4~r;2(07))

+(17)
2 ~r 3 -7
2 AJ
Ci1AIF(4~176,5 —7; (1)) A -X A-X
o (A’)= » /\’ = "
* 4 -7 ¢f A+ X <) A+ ng(“

Next, the machinery of hypergeometric functions is put at
work to take economically the last two derivatives with
respect to A”.. The final result is y; (@) = y()&;; with

5 2
ylw) = a? 3 3 & 1 1
B Z*% =12+ DY 2-r 3o,
. (18)

F-1-7,5-7:¢)-15rf+ 702453, 2a 57, 4181,

8202+ 1)2
(ri+ D24 = 7))

F(a,b, c; z) is the Gauss hypergeometric function with the
series expansion

2
ab =z a(a+ b(b+1) z
ybCi2)=14— — > <o
F@a,beiz)=1+—= 5+ cecr 1y ot
and
-4 —1% . -12
71=(1_Q)0) 29 Tg = (1+(1)0) ’ é‘i:(ll_;_i' ’ (i=1’2): (]9)
7. .

1
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fo ko 2 a,

@ E N L= = . . .._..;
° |Eol a®Z2me?  aZ zZ c (19)
2
a = R ossxi0Bom o =25 = L,
amc *ic 137...

y(w)  is an even analytic function of w in the complex

o - plane w1th simple poles at w =(E-E, )/ﬁ, n=2,3,4,...
(E,= E,/n?® 1is the discrete spectrum of the H-like atom),
and a branch cut along the real o -axis for o > |[E,f,

i.e., above the ionization threshold |E,| . The static re-
sult (which is the toroid analog of the static electric

dipole polarizability a(w = 0)= (9/2)5\3Z_4 found in
1926 by Epstein and by Waller/8/ ) looks very simple
5
23 a - p—4 -48
= = ——— 2 Qo —_
ylw =0) 50 a 74 Z""x0.86 x 10 em® . (20)

Some applications’/9/ as well as a more detailed pre-
sentation of this research will be published elsewhere.

The authors are indebted to V.M.Dubovik, S.B.Gerasimov
and B.N.Valuev for discussions.
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